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I . INTRODUCTION 


The goal o£ this grant ^as to pursue research on the generation o£ 
tunable visible, ln£rared, and ultraviolet light, and on the control o£ 
this light by means of novel mode-locking and modulation techniques. The 
grant, and the program, was a continuation of NASA Grant NGL-05-020-I05 . 
Active projects during the year included an analysis of mode-locked and 
frequency-doubled lasers, a study of energy storage and extraction using 
metastable atomic levels, the first observation of laser action using an 
atomic pair absorption process, and the development of a tunable VUV source 
for spectroscopic studies. 
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II. SUMMARY OF RESEARCH 


A. Energy Storage and Extraction Using Metastable Levels 

(R. W. Falcone, G. A. Zdasiuk, J. F. Young, and S. E. Harris) 

The objective of this project wcis to demonstrate the use of atomic meta- 
stable states as energy storage media for potential use as high energy lasers 
and Raman pulse compressors . In particular, we have demonstrated that the 
barium 6s5d^D levels can be optically pumped (via an indirect path) and that 
these levels have long storage times. We have found that it is possible to 
transfer 9*^ ground state atoms into the 6s5d^D manifold, and to 

maintain this population for storage times on the order of tens of micro- 
seconds at densities of 10 atoms/cnv^. These conditions correspond to a 
stored energy density of approximately 2 Joules/litre. We have measured the 
storage time as a function of the barium ground state density and as a func- 
tion of inert buffer gas densities. We have also observed laser action from 
a barium excited state to the ground state on the 79^ ^ ^P-^S intercombina- 
tion line and also on the ^P-^S resonance line at X = 5535 ^ • These re- 
sults point strongly to the possibility that the individual 6s5d^D sublevels 
may be inverted relative to the ground state. If this is the case, the Ba 
system is potentially a very practical Raman' medium for upconverting HF lasers 
from the 2. 7-2. 9 M’" region to the near IR at 7500-8000 
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B. , Atomic Pair Absorption and Inversi.on 

(R. W. Falcone, G. A. Zdasluk, J. F, Young, and S. E. Harris) 

During the grant period we have demonstrated the use of a novel optical 
pumping technique based on "atomic pair absorption" as ,a practical means of 
populating atomic energy levels. The term "atomic pair absorption" refers to 
a process whereby two colliding atoms simultaneously absorb a single photon 
at a frequency corresponding to the sum energy of two levels in the separated 
atoms . Atomic pair absorption has been observed in barium-thallium mixtures 
using white light sources.^ By the use of more intense laser pumping sources 
we have found that it is possible to construct atomic pair absorption pumped 
lasers. The details of this work are given in the attached paper "Pair 
Absorption-Pumped Barium Laser" (see Appendix A) . 


J. C. White, G. A. Zdasiuk, J. F. Young, and S. E. Harris, Optics Lett, 

157 ( 1979 ). 


C . Development of a Tunable, Narrowband VUV Light Source 
(j. E. Rothenberg, J. F. Young, and S. E. Harris) 

The spontaneous antl-Stokes VUV light source was proposed by Harris^ In 
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1977 and first demonstrated by Zych, et al. In 1978, and Is a convenient 
technique for generating intense, pulsed, narrowband, incoherent VUV radi- 
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atlon. The practicality of this source was demonstrated by Falcone, et al 

who used it as a tunable spectroscopic source, to measure the isotopic shift, 
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and absolute energies, of the "^He and He ls2s states with a resolution 
of 60 peV. This represented the first direct measurement of the isotopic 
shift and illustrated the potential of this technique for performing high- 
resolution VUV spectroscopy without the limitations of traditional VUV ap- 
paratus: the lack of bright sources, and the low efficiency and resolution 

of VUV spectrometers . 

Falcone, et al . in essence performed an emission spectroscopy experi- 
ment using the anti -Stokes source. The goal of this project is to develop 
this source and to apply it to absorption spectroscopy of high lying atomic 
levels. The practical requirement is to produce a tunable source of high in- 
tensity which has an overwhelming majority of its energy in a narrow bandwidth, 
thus eliminating the need for a (lossy) VUV spectrometer. 

A schematic of the source and its energy level diagram are shown in 
Fig. 1. The tunable, visible pump laser illuminates a length L of a He 

. E. Harris, Appl. Phys . Lett. 21^ *^98 (1977). 

^L. J. Zych, et al., Phys. Rev. Lett. 4o, 1495 (1978). 

^R. W. Falcone, et al.. Optics Lett. 5^ l62 (1978). 


- 4 - 




discharge. The antl-Stokes generation process Is merely a scattering process ; 
a fraction of the Incident photon flux Is scattered at the tunable sum fre- 
quency u>, - + CO Into kiT steradlans. The number of generated VUV photons 
ls2s p 


n — N- o I' 
pump ls2s 


where n is the number of incident pUT«p photcsns, N, _ is the He ls2s 

pump r r- r / ls2s 

metastbble density, da/dfl is the differential cross section for anti -Stokes 
scattering, and L is the interaction length. The fraction of the generated 
photons which are actually used in a particular experiment will depend on the 
effective solid angle Afl . 

The differential scattering cross section depends strongly on the fre- 
quency of the applied pump wave, becoming very large when the VUV frequency 
approaches a resonance line. Initially, we proposed to pump with radiation 
in the range of 5500 8. and to scatter off the ls2s He level excited by 
a dc discharge. The critical parameter of the source is the ratio of the 
anti-Stokes light to the background He resonance line radiation at 58 ^ 8. 
Therefore, we have been investigating the optimization of the ratio of the 
anti -Stokes light to the background radiation using different discharge 
geometries to maximize > aud the collection angle Aft . We have 

found that a hollow cathode discharge and a positive column discharge are 
comparable in these respects . 

We have measured this ratio using a flashlamp pumped dye laser which 
provides peak powers of a few kW as our pump source (see Fig. 2). The anti- 
Stokes light is seen superimposed on the background radiation over the range 
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DETUNING FROM RESONANCE cm“ 



shoim in the figure. Outside of this range the fluctuations of the back- 
ground exceed the antl-Stokes Intensity making Its observation impossible. 
However^ we will be using a Nd:YAG system capable of producing MW peak powers 
which would allow observation of the generated antl-Stokes light over the 
entire range of available dye lasers (~ ^0,000 cm ^). In order to use this 
laser we have developed a detector with a high work function cathode which 
will not detect scattered visible laser radiation (at high laser powers this 
radiation can be comparable to the antl-Stokes light). 

As a preliminary test of the Md:YAG system we have used Its second har- 
monic (^^20 R) at a peak power of ^ MW as our pump laser. This corresponds 
to a detuning of 1100 cm ^ (5 R) from the resonance at 537 -04 R. The result 
was an observed antl-Stokes signal five times brighter than the background 
radiation. We believe this Is confirmation that the source will be useful 
over the broad tuning range of available dyes. 

The bandwidth of the generated antl-Stokes light is equal to the con- 
volution of the pump laser bandwidth and the Doppler width of the metastable 
storage state. In our case this is only a few cm making the resolution 
and spectral brightness of the device much better than conventional labora- 
tory sources. In the future we propose using this technique to measure the 
linewidth of the innershell excitation of K 5p^4s5s. An energy level diagram 
is shown in Fig. 5 ^nd an experimental schematic is shown in Fig. 4. Tliere 
are good theoretical grounds for believing that the linewidth is relatively 
narrow, and thus, that the lifetime may be long enough so that it can be used 
in a VUV laser. To date, this linewidth has not been resolved. Generally, 
the linewidths of innershell excitations are very large because they are 
prone to Auger or "autoionizing" decay. This very fast decay occurs vjhen 
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Helium 
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Potassium 
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Fig. 4 — ^VUV anti-Stokes spectroscopy in potassium. 


•one electron drops Into the closed Innershell and Ionizes the other elec- 
tron. We plan to investigate a number cf autolonizing lines in K, as well 
as in other alkali metals . 

We note that this source of tunable, intense, incoherent VUV light has 
a number of other possible ap&l.ications : photolithographic fabrication of 

microstructures; the analysis of surface composition and properties, in- 
cluding catalytic surfaces; and the testing and evaluation of the compati- 
bility of materials and components in a high VUV flux environment . 
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D.- Generation and AppllcatloRs of Ultrashort Optical Pulses 

(A.E. Slegman and J-M. Herltlcr) 

Satellite optical communications systems which are under development 
use mode-locked lasers to generate the very short, high repetition rate 
pulses needed for high data rates In optical links between satellites. 

In particular, the CW mode- locked Nd:YAG laser Is a promising candidate 
for such space-borne communications systems. It Is very desirable, 
however, to convert the near Infrared oscillation wavelength of the 
YAG laser (1.064 microns) to its second harmonic in the green, in order 
to obtain both much better detector sensitivity and better beam collima- 
tion at the shorter wavelength. Because of the low power level involved 
in a CW mode-locked laser, especially in space-borne applications, 
doubling the laser pulses in the usual fashion with a nonlinear crystal 
outside the laser cavity cannot be done with adequate cOi;version efficiency. 
The solution is then to place the doubling crystal inside the laser cavity 
where the circulating optical pulse intensity is much larger; and in 
essence to use the harmonic conversion process os the output coupling from 
the YAG laser. 

While this completely solves the harmonic conversion efficiency 
problem, the presence of a nonlinear doubling crystal inside the mode- 
locked laser can have serious negative effects on the laser mode-locking 
process, and can substantially broaden the mode-locked pulses in the laser. 
A reliable and detailed analysis of the pulse forming process in a laser 
which is simultaneously mode-locked and intracavity frequency doubled is 
thus important for optimizing the design and the understanding of such 


lasers. During the past period we have completed such a detailed 
analysis that overcomes essentially all of the disadvantages associated 
with earlier treatments of this problem. Our work Includes both computer 
studies and purely analytical results which provide new Insight Into this 
mode of operation, as well as providing detailed numerical results for all 
aspects of the laser performance In terms of the fundamental design 
parameters of the laser system. In addition to simplified analytical 
design formulas, a simplified but realistic physical description of the 
Important detuning behavior of this laser is developed. Good agreement 
has been found between our analysis and experimental studies carried out 
in Industrial laboratories. In particular, our analysis confirms thai' 
the mode-locked pulse width actually decreases as the modulation frequency 
is detuned off resonance; the harmonic power output initially increases 
for very small detuning, but then decreases; and the pulse shape develops 
a sharp edged asymmetry which is of opposite sense for opposite signs of 
detuning. 
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Pair-absorption-pumped barium laser 
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This is the first reported demonstration of the use of pnir-obsorplion transitions for optically pumping lasers. In 
a mixture of barium and tlinilium metal vapors, single photon absorption of 38G7-A laser light caused simultaneous 
excitation of colliding ground-state atoms to the Ba(Cs6p and Tl(fip '■^/’5/a) excited states. Excited-stutc densi- 

ties of about 10'^ cm"® were created, and subsequent laser emission on the Ba(GsGp Tj) - ► Ba(6,S'5d ‘Da) atomic 
transition at 1.5 pm was observed, 


We describe the first reported demonstration of laser 
excitation of pair-absorption transitions as a technique 
for optically pumping new types of lasers. In particular, 
we have simultaneously excited colliding ground-state 
barium and thallium atoms to the Ba(6.s6p ’Pf) and 
Tl(6p ‘■^P 3 / 2 ) excited states by single-photon absorption 
of laser light at 3867 A. Subsequent laser emission on 
the inverted Ba(Gs6p ’PJ) -► Ba(6.s5d ’D 2 ) transition 
was observed at 1.5 pm. 

Pair absorption, or simultaneous excitation, refers to 
a process in which two colliding atoms absorb a single 
photon at a wavelength corresponding to the sum energy 
of excited states of the individual species. After the 
collision the atoms separate, leaving both atoms in ex- 
cited states. In the case of a dipole-dipole collisional 
interaction, one species makes a (dipole) allowed tran- 
sition while the other species makes a (dipole) nonal- 
lowed transition. The use of laser excitation of pair- 
absorption transitions for pumping new types of lasers 
was proposed in Ref. 1. The pair-absorption jirocess 
is a specific example of a general class of reactions now 
called laser-induced collisions.^'*^ Pair absorption has 
recently been observed in atomic-metal vapors in the 
visible spectrum'*; ))rcviously it had been observed in 
molecular systems in the infrared.*' 

Wo have studied the pair-absorption process 

Ba(6s2 iSo) + Tl(6p + /icOp(3867 A) 

— Ba(6,s6p *7’;) + Tl(6p sp.^.). (1) 

As shown in Fig. 1, the Ba atom is excited on an allowed 
transition and the T1 atom is e.xcited on a nonallowed 
transition. The absorption jirocess of Fq. (1) maxi- 
mizes when the photon energy, /icOp, is equal to the sum 
of the energies of tlie atomic excited-st ate jiroducts. 

The absorption coefficient for pair absorjition, 
cv(cm“*), is given on line center by 

8e*->c0 p/,/.2/M[TI°] |Ba°] 

m Wp ^( Aco) 1 OJoCO;) 

where c is the electronic charge; oip = 2irc/\,, is the 
aiigular frequency of t he absorbed liglU; /i, /o, /n and W), 
0 ) 2 , W;) are the oscillator strengths and frequencies of the 
atomic transitions 'I’UGp “/'?/..) ■ - 'l'l(7,s' 'AS,/.d, 'ri(7,s' 
'“'Si/s) Tl(Gp «/’^/ 2 ), and BafG.s'-* K%) - Ba(G.vGp '/’?), 
respectively; [Tl?] and [Ba°l are the ground-state 


number densities of the colliding atoms; m is the elec- 
tron mass; c is the velocity of light; V is the relative ve- 
locity of the colliding atoms; p is the Weisskopf radius® 
or dephasing radius of the collision (11 A in this exper- 
iment); and Ao) is the frequency detuning of the pump 
laser relativeto the atomic transition in Tl, as indicated 
in Pig. 1. Equation (2) was derived by using pertur- 
bation theory as detailed in the treatment of laser- 
induced collisional jirocesses given in Ref. 7. The ex- 
cited-state densities of both sjiecies, Ba*'(6.s6p *P;) and 
Tl* (6p ^P°a/ 2 ), are given by 

• M = [Tl*] = ^«Tp, (3) 

where P/A is the power density and Tp is the pulse 
length of the applied laser. 

An experimental schematic is shown in Fig. 2. The 
3867-A radiation was jiroduced by sum-frequency 
generation in KD*P of 6075-A and 1.06-pm laser light 
by using a Quanta Ray Nd:YAG dye-laser system; pulse 
energies at 3867 A of up to 5 mJ in a 5-nsec pulse were 
available. This beam was collimated to a spot size of 
0.15 cm^ and directed into a metal-vapor oven con- 
taining Ba and Tl heated to 1400°C over a vapor-zone 
length of 10 cm. The cell also contained ~250 Torr of 
argon gas to prevent metal-vapor diffusion and con- 
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Fig. 1. Barium and Ihnllium energy levels for the |)air-ab- 
sorpl ion-pumped atomic barium la.ser. 
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densatiun on the cold cell windows. The output 

light from the cell was filtered with a spectrometer and 
detected with a roorn-temperature InSh detector. 

Figure.3 shows an ahsor|)tion scatr of the metal- vapor 
cell in the region of pair absorption made by using a 
continuum discharge lamp. The shape of the curve 
agrees with the data of Ref. 4, A curve-of-growth 
analysis of the resonance-line absorptions of Ba and T1 
yielded ground-state vapor densities of [Ba°] = 4 X 10'’^ 
cm"''* and (Tl°j = 2 X 10''^ cm“‘* in the cell. The mea- 
sured absorption at 3867 A was 35%, compared with the 
predicted value of 80% at these densities using Eq. (2). 
This discrepancy is most probably due to uncertainties 
in our measurement of the ground -state number den- 
sities. 

When the pump laser was tuned to 3867 A, laser 
emission at 1.5000 ± 0.0001 nm, corresponding to the 
Ba(6s6p ‘P;) -* Ba(6,s5d ’Pa) transition,® was observed. 
The emission was narrow band (less than 0.2-A spec- 
trometer resolution) and e.\hibited threshold behavior 
at a pump energy of 1 mJ. Spatial collimation was 
verified by placing a variable aperture between the de- 
tector and the cell. As the pump wavelength was tuned 
about 3867 A, the observed emission wavelength at 1.5 
pm remained constant. Our measurement of the du- 
ration of the 1.5-pm emission was limited by the re- 
sponse time of the InSb detector to <100 nsec. [The 
spontaneous decay time of the Ba(6s6p ’PJ) -*• Ba(6s5d 
’P 2 ) transition is -~200 nsec.®] The intensity of the 
emission as a function of pump-laser wavelength is 
shown in Fig. 4. The intensity maximizes at a pump 
'Wavelength of 3867 A, and the profile has an asymmetry 
to longer wavelengths that is also seen on the absorption 
scan in Fig. 3. This asymmetry is predicted from a 
consideration of the interaction potentials' of the col- 
liding atoms. 

The bandwidth of the pair absorption is about 1 A (7 
cm“’). This absorption linewidth is characteristic of 
light-induced collision processes- and is independent 
of both metal-vapor density (in the linear absorption 
regime) and buffer-gas density. 

The measured cell absorption of 35% at 3867 A 
implies an optically pumped excited-state density of 
Ba(6s6p ’Pj) of about 5 X 10’'’ cm”® at the lasing 
threshold pump energy of 1 mJ per pulse. This esti- 
mated excited-state density is consistent with calcula- 
tions of the required threshold excited-state density, 
allowing for the 1 X 10’‘* cm”® thermal population of the 
lower laser level. 
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Pig. 3. Absorption scan showing hariuin-lhallium pair ab 
sorption at 3867 A. 



Fig. 4. Relative intensity of the X = 1.6 gin atomic barium 
laser as a function of pumping wavelength. 

This experiment demoi^strales a new technique for 
optically pumping high densities of atomic (and mo- 
lecular) species using the relatively large-bandwidth 
cross section of pair-absorption transitions. One of the 
most promising aspects of this technique is that new 
absorption wavelengths are created by mixing different 
species together; this provides a method for channeling 
the energy of high-powered, fixed-wavelength lasers into 
specific target stat es of atoms that otherwise would not 
absorb the radiation. 

A further possible application of this technique is the 
use of pair absorption for the inversion of atoms and 
molecules to the ground state, as pointed out in Ref, 1. 
A high density of one species will permit the inversion 
of the second species to the ground slate when sufficient 
I)ump-laser energy is applied at the pair-absorption 
wavelength. One application of this technique would 
be the temporal and spectral compression of high- 
powered excimer lasers. The energy sloi'ed in the in- 
verted species by optical pumping witb tlie excimer laser 
could be rapidly extiacted in a narrow-bandwidth pulse 
by Raman, t wo-i)hoton, or another lasing process to the 
cmiJtied ground state. 

We wish to thank S. R. Harris and J. l'\ Young for 
helpful discussions. 

This research was supported jointly by the National 
Aeronautics and Space Administration under Contract 
NGL-05-020-103 and the U.S. Air Force under Contract 
F19628-77-C-0072. 
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Analysis of Mode-Locked and Intracavity 
Frequency-Doubled Nd:YAG Laser 

A. E. SIEGMAN, it:llow, ikijr, and JEAN-MARC MERITIER 


Abslraci-Yle present analytical anil coniptilvr studies of tlic CW 
mode-locked and intracavity fi-iqiicncy-doubled NdiVAG laser which 
provide new insight into C.ic operation, including the detuning behavior, 
of tliis type of laser. Coniputer solutions show that the steady-date 
pulse shape for this laser is much closer to a truncated cosine than to a 
Gaussian; there is little spectral broadening for on-resonance operation; 
and the chirp is negligible. This leads to a simplified an.ilytical model 
carried out entirely in the time dontain, with atomic t-newidth effects 
ignored. Simple analytical re, suits for on-rcsonanec pidsc shape, pulse 
width, signal intensity, and harmonic conversion efficiency in ternis of 
basic laser parameters are derived front this model. A simplified physi- 
cal description of the detuning behavior is also developed. Agreement 
is found with c.\pcrimenlal studies showing that the pul.sewidlh de- 
creases as the modulation frequency is detuned off rc.sonancc; the 
harmonic power output initially increases and then decreases; and titc 
pulse shape develops a Sharp-edged asymmetry of opposite scn.se for 
opposite signs of detuning. 

I. iNTKODUCTtON 

T ilECWmodc-lockcc! Ntl:YAG laser provides a reasonably 
cfficiciil, reliable, and well-engineered source of optical 
pulses with high repetition rates (~500 MHz), narrow pulse- 
widths (5100 ps), and moderate powers (~1 \V average). The 
Nd:YAG wavelength of 1.064 pin is, however, further into 
the IR than is desirable for some applications, and the peak 
pulse intensity in the output beam is too low to permit effi- 
cient second-harmonic generation outside the cavity. 

A possible approach is then to employ intracavity second- 
harmonic gcncralion (SlIG), with the harmonic crystal placed 
inside the laser cavity. Tire harmonic, conversion efficiency is 
substantially increased because of the larger fundamental 
intensity circulating inside the laser cavity, and at the same 
lime only small conversion is required ’.hoiuisc the harmonic 
conversion efficiency need only cqiiar the usual output cou- 
pling per pass from the laser (typically 5 10 percent) to effi- 
ciently extract most of the available fundamental power at the 
second-harmonic wavelength, 

This type of laser can be important in satellite optical com- 
munications systems, laser radars, and other applications, and 
several previous studies of this mode of operation have been 
published In general, the intracavity harmonic- 

generation and mode-locking processes are found to be in 
opposition, with the harmonic-generation process producing 
a “peak-clipping” effect which substantially broadens the 

Mamiseiipl roeeivod Auiuis' 15, 1979. Thi.s work was supported by 
NASA iimler Coiitracl N(:L-05-020-103 and Grant NSG-7619. 

A I''. Siegm.in is with the t)epaiIinont of ^■|ectril•al I'nginourini', and 
the I'dwaril Gin/ton Laboratory, Stanford University, Stanford, CA 
94305. 

J.-M. llerilier is witli the Department of Applied Physics, Stanford 
University, Stanford, (’A 94305. 


mode-locked pulses. In addition, the laser performance is 
found to be extremely sensitive to small detunings between 
the active mode-locking modulation frequency and tiie actual 
roundtrip transit time in the laser. 

Previous analyscsof the mode-locked and frequency-doubled 
laser [4] -[8] have used approximations such as assuming a 
Gaussian mode-locked pulse shape and then manipulating the 
parameters of the Gaussian pulse to obtain a self-consistent 
ste.ady-state situation. It will become apparent from this paper 
that a Gaussian pulse is not an adequate approximation for the 
actual pulse shape in a mode-locked and frequency-doubled 
laser (as was in fact noted much earlier [4J). Previous analyses 
have also generally established only indirect connections be- 
tween basic laser parameters and the resulting mode-locked 
laser performance, and have in general not explored the impor- 
tant detuning behavior. 

In this paper, we present both “exact” computer calculations 
and new analytical results describing the performance of a 
typical CW mode-locked Nd: YAG laser witli intracavity SlIG, 
including detuning efiects. Insights provided by the computer 
results enable us to dcvcloi) simple analytic expressions which 
give the mode-locked pulse shape, pulsewidth, power output, 
and harmonic conversion efficiency for zero detuning directly 
in terms of the basic design parameters of this type of laser. 
We also develop a physical picture and analytical results for 
the detuning behavior of the laser in response to smail changes 
in modulation frequency or cavity length. These results 
appear to be in good agreement with such experimental results 
as arc available. 

In the remainder of the paper, Section II briefly reviews the 
basic analytical model, while Section lil presents e.xact com- 
puter solutions based on that modci. Section IV then develops 
a simplified form of the analytical model for zero detuning, 
leading to simple analytical expressions for all the basic on- 
resonance performance characteristics of the system. These 
expressions are also expanded into greater detail in the Appen- 
dix. Finally, Section V gives further results for the detuning 
behavior of the laser, based on the simplified analytical model, 

The work described here was first motivated by c.xpcrimcntal 
results obtained by D. Radecki and A. Kramer at GTE .Sylvania 
(9] . The agreement between these analytical and experimental 
results is found to be quite good. 

II. ANAt.YTicAL Mom;i. 

A . Laser J'tilsc J’araiiwters 

We employ the same aiudytical nunlcl insed in earlier analyses 
Hl-17] , as illustrated in I'ig. I. We consider a fundamental- 
frequency optical pulse circulating inside the laser cavity of 
the Idrm 
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Fig. 1. Analytical model for the mode-locked and internally frequency- 
doubled laser. 

( 1 ) 

where /;i(f) is the complex pitasor amplitude and /o is tlic 
center frequency of the atomic line. For simplicity, the field 
amplUudc is normalized so that the instantaneous intensity 
(power/unil area) in the pulse is 

(2) 

Similar expressions with subscript 2 and frequency 2/o repre- 
sent the second-harmonic quantities. Tlic pulse amplitude 
spectrum, or the complex frequency transform of is 
written as fii(/) = /?i(/- /o), so that A’i(/) is the Fourier 
transform of the pulse envelope l-'iQ), We write the trans- 
forms usine herlzian frequencies /rather than radian frequen- 
cies CO = 27 t/ because this matches more naturally the discrete 
Fourier transforms used in the computer calculations. 

The single pulse cncrgic' •’ unit area at the fundamental 
and harmonic frequencies iiUL.-i the laser cavity arc given by 

Wt=jhO)dl 

Wi=jh(0dl (3) 

where the integrals arc over one period of the mode-locking 
frequency. It is assumed that the second-harmonic power will 
be efficiently coupled out of the laser cavity by an appropriate 
dichroic mirror, so tliat ll'a also represents tire second-harmonic 
output energy per pulse per unit beam area. 

ll Gain Medium 

Following earlier analyses [5], [7j , the one-way or single- 
pass voltage gain Ilirough the honiogencous laser medium 
and once down Ihe laser cavity of length L is given by the 
Lorentzian gain expression 

wltcre f; is the saturated one-way voltage gain eoelTicient in the 
laser medium and Afu is the FWllM atomic linewidth (~120- 
150 GHz in NdiYAC). In tiie lasers of interest here, the pulse 
repetition rate is much liighcr than the inverse relaxation time 
of the laser medium, lienee, the laser gain saturates iiomoge- 
ncoiisly on the average raliicr than the instantaneous circtilal- 
ing power in tlie Ibrm 

where is the un.saiuralcd .single-pa.ss voltage gain cocffieicni, 
The salination energy (per unit area and per pulse) i.s 


related to the usual saturation intensity of the laser ntc- 
dium by 

where the modulation frequency /„, s is the repetition 
frequency of the mode-locked laser pulses, and is typically 
scveial hundred megahertz. The factor of two appears in (5) 
because the laser medium is saturated by the circulating power 
going in both directions inside the cavity. 

C Modulator 

The single-pass amplitude transfer function througli tlic AM 
mode-locking modulator, together with the linear cavity 
losses, is given by {4] 

2’m(0 = exp [-a - 5 sin* (rr/„, /)] (7) 

where a is the single-pass voltage loss coefficicnl due to ohmic 
losses, scattering, mirror-outcoupling, and any other linear 
cavity loss mechanisms, and 5 is the AM modulation index, 

JJ, Nonlinear Crystal 

The roundtrip or double-pass harmonic conversion in the 
SMG crystal is defined by the instantaneous relationship 

/ j (/) = 2 « j /?(0 ( 8 ) 

wiicrc /i(r) is the circulating instantaneous fundamental inten- 
sity in the cavity; / 2 (r) is the instantaneous second-harmonic 
Intensity generated after a complete double pass through tlie 
SHG crystal; and is an effective nonlinearity coefficient for 
the SHG crystal. For small fractional conversion and weak 
focusing in the SHG crystal, this parameter is given in practical 
terms (and MK.S units) by 

2«2 ^2Mu>o d‘^{njcYl~ sine* (hkljl) (9) 

where 2d is the ratio of instantaneous nonlinear polarization 
to instantaneous electric field in the nonlinear material;/!/ is 
the ratio of beam cross-section area in the laser rod to tlic 
same quantity in the SHG crystal, as controlled by the cavity 
optics; Ak is the phase mismatch between waves at coq ami 
2coo; I is the total effective interaction length in the nonlinear 
crystal, which can range up to twice the pliysical crystal Icngtii 
if the crystal is double pis-cd v/ith proper phasing between 
passes; and sine x- s (sin x)/-v. As long as the fractional har- 
monic conversion per pass is small (whicli will always be the 
ease in practice), tlie double-pass amplitude iransmi,?sion of 
the nonlinear crystal for the fundamental frequency can be 
expressed by 

£;(/) = 8, (/)[! =S, (0(1 -«j/i(0J (10) 

where S',(r) is the value after the SHG crystal. 

/i’. Deluniit}; Parameter 

The detuning bcliavior of the actively mode-locked la.scr is 
of particular impoi tance. The (small) frequency difference // 
between the externally driven modulation frequency /„ and 
the c/2/. axial mode spacing of tlic empty laser cavity nray be 
defined as 


( 11 ) 
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11iis cxprl'ssioi) considers only (he “cold" envily repetition 
frcc|ucncy c/2/. sind docs not tiikc intouccount (Itc frc(|iicncy 
shift or added time delay contributed by tire linear dispersion 
of the laser tronsitfem itself, From (4), the linear portion of 
the overall rou'ndtrip cavity phase delay versus frc(|uency ut 
midband will be 0 when the modulation frccpicncy is given by 


f -JL 

21 ~ nAfa' 


( 12 ) 


This occurs when the frequency difference of (II) has the 
value 


03) 

The situation fa~ fao 's thus what one would call the “zero- 
detuning” condition, or the condition in which the modula- 
tion frequency /,„ c,>cactly matclies the loaded round trip 
■transit time, including the dispersive effect of the laser trans- 
sition. Tire value of however, de.jcnds on the saturated 
gain g of the laser medium, and this depends in turn on the 
circulating power, SMG nonlinearity, modulation depth, and 
other operating parameters. Thus, there does not exist any 
unique zero-detuning point for a mode-locked laser, indepen- 
dent of the actual operating conditions of the laser. One can 
estimate /^o by knowing approximately the usual sauirated 
gain in the laser. For the eases analysed in this paper, has 
a value around 15 kHz. 

Note lliat the differential relationship between modulation 
frequency and cavity lengths is given by 

^--4^~-I.67kHz/pm (14) 

qL L 


for a cavity with L ~ 30 cm and /)„ = 500 MHz. A value of 
j\ia ^ 15 kHz thus indicates (luit tire atomic dispersion makes 
the cavity seem to bo ~9pm longer than its cold electrical 
length. Changes in ic physical cavity length of as little as 
±10 pm can cause significant detuning effects. 


F. A vailablc Fnergy and Power On tput 

If the same laser medium as above is operated CW (i.c., with 
both mode locking and SHG turned off), with tlic same unsat- 
urated gain go i"'d loss a, and witli an output mirror luiving 
power rcllcction factor R = e 1 - 6^,, tiicn tlie CW output 
intensity (W/unit area) at the fundamental frequency will be 


I 


out “ 


2 


4tTo 

da-i-Sj, 



(15) 


For optimum output coupling given by 6^. = 4a [(/;o/a)'/’ - Ij , 
the maximum available fundamental output intensity will be 


/max=2i3„|l-(a/x'o)'/=j'/.saf (16) 

This can be viewed as representing a maximum available power 
per unit area that can be extracted from the lasei medium, 
namely 2gaF:\t< reduced by an internal cavity loss factor 
[I • Hence, there will be a maximum available 

energy per unit area, per pulse, that can be extracted from the 
laser medium in the mode-locked and doubled laser at the fun- 


damental plus harmonic frequencies. A figure of merit for tite 
la.ser is (hen how close the second-harmonic energy per pulse 
1^2 approaches this available pulse energy, taking into account 
also the internal cavity loss factors. We therefore define the 
second-harmonic extraction efficiency as 

We will see later that r ?2 has a maximum value of around 
80 percent (4] , [8] for the mode-locked and frequency- 
doubled laser. 

G. Connection with Rcai lasers 

The analysis up to tliis point has been formulated entirely 
in terms of per-unit-arca wave intensities, A rigorous analysis 
of the gain, saturation effects, and harmonic conversion pro- 
cesses inside a real laser of this type, taking into account the 
Gaussian transverse mode profile with spot size w, would be 
very much more complicated. To a good approximation, 
however, the second-iiarmonic power generated inside such a 
real laser can be related to the harmonic energy per pulse per 
unit area by 

(18) 

where 

/Icff^rru'^ (19) 

is an effective cross-section area for the laser beam inside the 
laser rod. The useful output power at the second harmonic 
may be reduced below this value by a coupling factor <1 , in 
order to represent output coupler losses and other effects 
which may keep some of the harmonically generated power 
from being extracted out of the cavity, The circulating funda- 
mental power Fj can also be related to the fundamental energy 
per pulse It'i by the same area without any coupling 
efficiency factor. 

In making the connection between a real laser and the plane- 
wave theory, the effective area /Iccr, the effective saturation 
intensity /sat, and the effective harmonic conversion factortri , 
can all be regarded as adjustable parameters which may have to 
be adjusted slightly from their ideal or plane-wave values in 
order to take into .account averaging effects across tiie Gaussian 
beam profile. To first order, this will have little effect on the 
predicted pulse shape, the pulscwidth, or the overall depen- 
dence on other laser parameters predicted by the |)resent 
•analysis. 


111. COMl’UTKK SOLUTtONS 

Because of the difficulty in obtaining accurate analytical 
solutions for the mode-locked and frcciucncy-doubled laser, 
we initiially approached the problem by carrying nut brutc- 
fo.rce compiler calculations, attempting to find moie or icss 
“exact" steady-state solutions to the analytical model of 
•Section II. In c.ssence, we propagated pulses repeatedly around 
the laser cavity by numerical simulation and observed the evo- 
lution of the pulse after repeated roundtrips. The results of 
these computer simulations arc summarized in this section. 
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A. Simula lion Procedure 

To pcrfori’ii the calculations, we replaced the fundamental 
pulse envelope P{t) during one period of the modulation 
cycle <T„J2 by N discrete sampled values /j'„ h 

where /„ =fiAt for n = -(Nl2)f I to (A'/2), and 
At ~ T,„jN= The pulse spectrum S(J - fo) was simi- 

larly replaced by the discrete spectrum /:„ = h'si'/^£’(/n " /o). 
where the frequency components /„ =/o + «/„, correspond to 
the modulation sidebands of the periodically repealed pulse 
with n running over the same range, (Scaling the pulse ampli- 
tude to Is merely a computational c' .vcnicncc.) Note 

that n = 0 corresponds to the peak or midpoint of the modula- 
tion cycle and also to the center of the atomic line in the fre- 
quency domain. With this notation, the pulse sample value E„ 
can be efficiently transformed back and forth between the 
time and frequency domains using tiie fast Fourier transform 
algorithm [10], [11). Depending on circumstances, from 
^ = 64 to A' = 1024 discrete samples were employed. 

Tlic straightforward simulation procedure was then as 
follows. An arbitrary initial pulse in the time domain (for 
example, a pulse with an initially uniform amplitude througli 
the full modulation cycle) was stored in the data array; trans- 
formed (in place) into the frequency domain; and then mu! ?■ 
plied by the discrete double-pass version of the complex 
amplifier-cavity transfer function, namely 

A suitable initial value of the gain 2g was used to start the cal- 
culation. The amplified pulse spectrum was then inverse trans- 
formed back to tl>c time domain (call this result E'„) and 
double passed through tiic modulator and SHG crystal by 
calculating 

= ( 21 ) 

where (he modulator double-pass transmission is 

Hi (Jn) = exp [-2a - 2S sin^ (rm/,,, A r)] , (22) 

This computer simulation of one rmnullrip was then repeated 
some number of times, typically 10-20, after whicli the total 
pulse energy and otlicr pulse parameters were computed and 
stored. A new saturated gain value was then computed from 
(5), and U-sing this new value of g the amplifier gain function 
(20) was rccalcuiatcd and another 10-20 roundlrips carried 
out in a repeated cycle. This process was continued for as 
many as .several thousand roundlrips for each .set of basic laser 
parameters, 

B, Windowing 

A discrete simulation carried out using dLscrcle Fourier 
transforms actually represents a model in which tlie discrete 
pulse samples arc periodically repeated in botli the time 
domain and the frequency domain. To avoid llie well known 
aliasing effects that arise in tiiis .situation 1 10] , [11], bolli tlic 
time and frequency transfer functions and 

were also multiplied by a window function given by 

IP(n) = cxp[- 1.2(2 n/A')"'’]. (23) 


Tliismorcor less arbitrarily chosen window function smoothed 
out high-frequency ripples in the computer pulses and their 
spectra without materially altering the overall pulses, Mode- 
locked laser pulses arc known to be very sensitive to the curva- 
tures of the time and frequency domain transfer functions 
?a(/) HiiO hci'*’ /“/o and I - 0. TIterefore, the use of 
a window function like (23) with zero low-order derivatives at 
the center is important. Other more standard window func- 
tions [12) which have significant curvature near n=0 were 
also tried but were observed to distort the computed pulses. 

C. Numerical Parameters ‘ 

llicsc simulations were carried out primarily for a set of 
laser parameters similar to those of a typical laser system 
planned for a space-borne communications system [9] , namely 

Unsaturated single-puss power gain = 2go = 0.03 
Single-pass power loss = 2a = 0.007 
Modulation frequency = = 500 MHz 

Modulation depth = 26 = 0.08 
Atomic linewidth = A/^, = 120 GHz 
Nonlinearity coefficient = ajlVKii = 'I ^ 10~” s. 

Preliminary calculations showed that the saturated gain coi'c- 
sponding to these parameter.s was typically 2g ^0.022. The 
zero-detuning value corresponding to this standard gain 
value is 

/rfo=”'«15 250Hz. (24) 

Therefore, we tentatively establish the value /i/ 15 000 Hz as 

the “zero-detuning" point in these calculations. 

Note that the steady-slate mode-locked pulsewidth Tp given 
by the Kuizenga-Siegman model [13] without doubling would 
be 

‘^7^0 y 7 1 

,U/ \/mA/J 

!=b 55 ps. (25) 

The transform-limited spectral widtli (FWllM) corresponding 
to this pul.scwidth would be ~7.5Gllz, or ~1S modulation 
sidebands. VVe will argue later that for pulscwidths substan- 
tially larger, or spectral widths substantially smaller, than lhc.se 
values the atomic linesliapc must be playing only a minor role 
in the pulse-shaping process, 

D. Computer Results with Zero Detuning 

Fig, 2 shows a typical result of these computer calculations, 
irrcluding the fully converged furKlaiitciital pulse /f-field 
envelope amplitude, the fundamental amplitude spectrum, and 
the sccond-harnronic pulse shape (pulse power), for the near 
zero-deUtriing case after a large number of passes starling from 
a urttform input pulse. Fsscntially, the satire converged solu- 
tion was obtained with various initial conditions, and u.singas 
few as A' =16 sample points. For the value of« 3 h'j,,| = 
4 X 10"" s, which is not far from optimum, the fundamental 
pulsewidth (FWllM) is =qo5 ps and tlic second-harmonic 
pulsewidtli is T,,j = 3l5ps, both of wliicli are much larger 
than the value for the same laser and modulator without intra- 
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Fi';'„ 2. Example of a fully converged slcady-siatc pulse obtained from 
lire covipuicr simulation of tbc mode-locked and fretiuency-doiiblcd 
laser under conditions of near-zero detuning and near-optimum 
harmonic coupling. The curves sliow tire fundamental pulse field 
amplitude A'l (r)j the second-harmonic pulse intensity tlie funda- 
mental amplitude spectrum and the Nd:YAG gain curve 

I7a(/)l- The nonlinearity value used for the figure is flahsit” 
4XlO'"s. 

cavity doubling. The pult’c spectitim conespoitdingly remains 
very narrow, and examination of the phase of the complex 
pulse envelope shows no eviclonce of “cliirping” fid). 

Tlic internal harmonic conversion efficiency (average SllG 
power gcncrnlcd over average ciicnlating fundamental power) 
is O'sHC ^ percent; and the second-harmonic 

extraction efficiency is rh percent. Tlic modc-Iockcd 
and frccuiency-doiiblcd laser docs a reasonably good job of 
extracting the available energy in tlic laser rod, However, it is 
clear that the modc-lockccl pulse shapes arc far from Gaussian. 

During the evolution of the numerical simulation process 
from an arbitrary initial pulse sliapc toward convergence, we 
observed Uiat for zero detuning tlie fundamental pulse sliapc 
and pulse spectrum converged to essentially their final foims 
fairly quickly, Mowever, liie fuiuiamcntal circulating power, 
tlie .sccoiul-lnimionic power, and tlic exact pulscwidlii all 
conlimied lo drift very slowly toward tlicir final values even 
after a very large number (>1000) of roundtrips. This cluirac- 
tcrfstic of the calculations (and presumably of tlic real laser 
also) apparently results from a delicate balance between tlic 
small at d competing gain and loss mechanisms in the laser. 
For fin’ic detunhig the pulse calculations converged even more 
slowly, which rcpiciicnied a serious difficulty in performing a 
large number of sucli calculnlioiis, Wiicllier the final conver- 


gence of these calculations could be sigiiiricantly accelerated 
by more sophisticated numerical methods is not clear, 

H. Computi'r Kesiilm with Pittite Detuning 

Experimental results obtained by Kadccki and Kramer at 
GTE Sylvani.i [9| .show tlial, for small but nnitc detuning of 
either the laser modulation frequency or tiie cavity length !. , 
the pulscwidlii narrows; tiie circulating power and the second- 
harmonic output increase at Orsl, ami tlicn decrease; and the 
pulse develops a steep asymmetric edge on one side of the 
pulse. Fig. 3 shows by way of comparison tlic computed pulse 
envelopes and spectra for three different values at ~Q Ik, 
-1.5 00011/,, and -65 000 1 Iz after 10 000, 15 000, and 
38 000 roundtrips using /Y= 128, 512, and 512 points, respec- 
tively, all starting from tlic same initial pulse sliapc. The initial 
pulse shape in eacli case was tlic zero-detuning pulse shape of 
Fig. 2. The development of a sharp asymmetric leading edge 
on the detuned pulse envelopes and a broad pedestal on tlie 
pulse spectra is evident. The experimentally observed decrease 
in pulscwidlii and increase in harmonic output with detuning 
is also at least qualitatively matched by tliesc calculations. 

Similar but less extensive calculations were carried out 
using dcluiiings of /)/= 15 000, 0, -15 000, -30 000, and 
+6000011/,. These results showed the same general features 
and in particular tlic /,/ = + 60 000 Hz case showed cssemially 
the same result, s as the/,/ = -30 000 Hz case except for a sym- 
metric inversion of pulse shape about tlic pulse center, indicat- 
ing that tile zeto-dcuming value of/j/o ==» 1 5 000 Hz is reason- 
able. The broad pedestal in the pulse spectrum devcioiied 
sufficient brcadtli in llicsc calculations, liowcvcr, lo indicate 
that a sizable number of sidebands must be included in the 
simulation; and convergence to tlic final pulse shape for larger 
. dclunings was slow, requiring many tiiousands of passes. 

A general conclusion from tlicsc results is tlial instructive 
results can be obtained for bulii zero and finite detuning. If 
liowcvcr one wishes to obtain more extensive results using this 
type of direct computer simulation, especially for larger detun- 
ing, one needs to use a large number of sample points and 
some form of convergence algorithm tlial will lead to faster 
convergence to steady state Ilian the simple direct modeling 
used in this work. 'I'licsc resiills arc useful, nonetlieiess, in 
indicating tlie general cliaraclcr of tlie dctiming behavior fur 
larger detuning. We may hypothesize, for example, that the 
experimentaHy observed decrease in power output for larger 
detuning results, at least partly, from spectral broadening 
causing a decrease in ciTcctive gain. 

IV. SiMi>i,ii'n;p Analysis I'on Zi:i>.o Detuning 

The foreword to Ilainniing's well-known book on nuinciixii 
analysis [15] gives tlic iiiaxim; 

“The purpose of computing is insiglit, not numbers.” 

Tlic work reported in Ibis paper might serve as a case study of 
this principle. The numerical computations described in the 
previous section were initially mulcrlakcn primarily to provide 
“numbers.” Tiie numcrica! results, however, also ]irovidcd 
insiglit whicii led to tlie simplified analysis presented in litis 
seclioii. In this .section, we .sliow how one can simplify lire 
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I’in. 3. I'Nimiples of essentially eonverped pulses oblaineil from tlic com- 
|)Uter simulation proeess for three inerciisinp amounts of moilulation- 
frerpieney detuninp with otherwise the same parameler.s as I'ip. 2 . 
Note that for the laser in question a deluiiinp of 15 kID would he 
equivalent to a eavity lenplli ehanpe of ~ 1 0 pm. 


pliysicnl nunlel so as to obtain much simpler analylie exptes- 
siems for the performance cliaracteristies tif tltc moile-loeked 
and iVeqtiency-doiibled laser, 

A. SiDipliJk'd Analysis 

Tito comitutcr lesults of the pievious section make clear 
lliat, "rot /.ero detuning, the mtide-loeked pulse spectrum 
is very nariow compared to the atomic linewidth, while 
the pulse shape /•.')(/) is wide hut e.ssentially truncates oiitsiilc 
a certain lange. We conclude from this tliitl the veiy wide 
ato-mc linewidth of the Nd:YAG laser medium is essentially 
irrelcvattl. I'or the pulse shapes occuirini’ in the frequency- 


doubled laser, the atomic medium may be modeled as simply 
an infinite-bandwidth amplifying tnedium with gain equal to 
its saturated midhand value. 

The inilse roundtrip tiiinsfoimalion cati then he tlescribed 
entirely in the lime domain. On a differential basis, the net 
chanpe in fundamental pulse amplitude /;’,(/) in one roundtrip 
may be written as 

12,e- 2tt- 2fi.sin^ {.KfinO' t7j/,(/)l /;’,(/) 

= 0 for steady-slate operation. 

Hence, the fundamenlal pulse shape must he given by 


(2b) 
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Fig, 4. Zcro-dcluninc pulse shape givon by the analytical approximation 
of (27), compared to the computer simulation results for the same 
case, with no adjustable parameters. The two pulse shapes arc cssen* 
tially identical. 

and Ji(t) = 0 for j/| >tc, where tlie cutoff point, s t = at 
which tlie pulse amplitude goes to 0 are given by 

^ siir' , to < TJ2. (28) 

The pulse shape is (hat shape which must make the net round- 
(tip gain equal to 0 at each instant of time, including the non- 
linear effect of tlie SIIG conversion process. 

These concepts of essentially infinite bandwidth and zero 
net gain have been slated previously, especially by Bernccker 
[4J. However, the consequences do not seem to have been 
systematically followed up as is done here. As a test of the 
validity of (27), Fig. 4 shows a comparison of the analytical 
results of (27) with the “exact” result of the computer simula- 
tion from Fig. 2, with no adjustable parameters in either case. 
The analytic approximation (27) is evidently an excellent 
appro,Kimation to the real pulse. The cutoff points' at which 
the net gain equals 0 are also indicated in the figure. 

Equation (27) for the pulse intensity can he integrated over 
the piilsewidth io obtain the fundiimenlal- 

frcquency pulse energy 

IF, = [(4f - 4a - 2fi) + 25 sine (27r/„, tc)] (29) 

and also the second-harmonic pulse energy 

Wi = [(4j,' - 4a - 25)" + 45 (4^- - 4 a - 25) sine (27r/„, (,.) 

+ 26"(1 + sine (47r/„, (j,))J tjoi (30) 

where sinc.v (sin,v)/x. 

The pulse parameters given by (27)-(30) depend on the satu- 
rated gain coofficient g. The saturated gain coefficient how- 
ever depends on the fundamenlal |Uilsc energy through the 
saturation relationship (.'i). A self-consistent set of solutions 
for the pulse energies It', and Il'j, the saluiiitcd gain and all 
the other [udse parameters can be found in terms of the basic 
laser parameters n, , a, 5, /„, , go , and by simply iteiating 
(28), (29), and (.“i) starting with an arbitrary trial value of^’. 





(a) • (b) 

Fig. S. (a) If the maximum possible gain go in the lu.scr medium is 
less than the maximum loss at 6, which occurs at the modulation 
period edges, then the laser pulse will be cut off at a finite point 
t-lg< T„,/2 under all operating conditions, (b) If the maximum 
gain go is greater than a 1 6 , then under certain operating conditions 
with large nonlinearity the pulse cutoff points move out to 4 . = 
7J„/2, and the laser intensity does not actu.ally drop to 0 between 
pulses. 

This procedure is easily carried out on a small programmable 
hand calculator or desk calculator. 

The above analysis does require extension in one minor 
respect, as iljustrated in lug. 5(a) and (b). In the limit of large 
enough nonlinearity oi, the circulating power in the laser 
cavity will always become small, and the saturated gain will 
approach the unsaturated value .go. So long as the unsaluralcd 
gain go is less than the maximum loss a + 5, which occurs at 
the outer edges of the modulation cycle, i,,e., at t~±T,.,l2, 
then the zero-gain point or pulse cutoff point will always 
occur somewhere within tl>c modulation period, i.c., for 
ic < T’,,,/2, so that the pulse will have a definite cutoff point 
If go >a + 5, however, so that the unsaturated gain go can 
exceed the loss even at the edges of the modulation period, 
then the pulse cutoff points ±/c can move out until they bump 
into each other at the outer edges of the moclulalion cycle, 
i.e,,al ±7’,„/2. Beyond this point, the laser intensity no longer 
drops to zero between “pulses,” and (28) for is no longer 
meaningful. \Ve will refer to this as the “no cutoff” condition. 
In this case, (27)-(30) still remain valid except that tg must be 
clamped at the value T’,,,/2. The iterative routine that solves 
for g, tg, IF, , and IF 2 is easily modified to handle this minor 
complication. 

H. Typical A nalylical Results 

Figs. 6 and 7 show the fundamental circulating power 
h'l/lkKii . file cutoff Ig, the ,SIIG conversion efficiency aym; - 
!l'i/IF| , and the harmonic extraction efficiency jjj , all as given 
by the simplified analysis versus the nonlinearity parameter 
"eb'sai •''hown for two typical cases. The second case illustrates 
the “no ciitoff” behavior that occurs for /jo >aT5 at large 
(7; . Note that these result, s predict the laser’s pul.se perfor- 
mance entirely in terms of basic lasei parameters, namely 
a, 5 ,y;„ , and In particular, the second-harmonic con- 
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Fig. 6. Variation oflascr pulse parameters with nonlinearity coefficient 
ffjll'jjt for a typical laser with parameters as shown (single-pass power 
gain = 3 percent, single pass cavity loss = 0.7 percent, single-pass 
. modulator index = 8 percent peak-to-peal;). This laser always operates 
in the fully cutoff condition since go < o + 




Fig. S. Sketch illustrating how the circulating pulse intensity at any 
relative time t during tiic mothilation period witii a finite detuning 
can be traced back to a noi.se burst originating at the relative time 
t ~ ~t(. several roundtrips earlier. The super-cxponuitia! growtl) of 
this noise burst leads to the siiarp edge on the pulse, as in the bottom 
curve. Harmonic generation tlien damps lire remainder of tire pulse 
at its usual undetuned value. 

limiting cases, so as to protliicc various visefu! and entirdy 
analytic resulhs. For brevity, the details of these results liavc 
been deferred to the Apjrcndix. 


Fig. 7. Variation of la,ser pulse parameters versus nonlinearity coef- 
ricicnl nsit'sat “ ■'’sw with go > a + B, sliowing the “no cutoff” 
regime of operation at large cnoupli 


version efficiency = IFj/IFi appears here as a dependent 
variable rather titan an independent variable as in earlier analy- 
ses [51, [7]. The rcsulls given here are essentially analylic in 
that iteration of llie analytic formulas (28)-(30) can be 
handled at the programmable calculator level. 

For a pulse liaviiig (he shape of (27) wdth a base width any- 
where in the fully cutoff region ^ 7’„,/2, the fundamental 
pulsewidlh (FWliM) is given by 

r,,i =^^sin'‘[2"’^^ sin(n/j7]„)}. (31) 

rr 


'Flic harmonic pulsewidlh (FWllM) is giveit by 


27] 


= 


''^siii-> 


/ 


sin {TrtJT,,,) 


(32) 


V. SiMPLiFiiJD Detuning Analysis 
The simplified analysis of the previous section can be ex- 
tended to take into account detuning effects. The analytical 
approach in this case is based on the physical model outlined 
in Fig, 8. The solid curve on each line of this figure (except 
the bottom one) shows the net gain, i.e., Die laser gain minus 
the fixed plus time-varying losses, as a function of relative time 
t within the modulation cycle. “Relative time” here means 
time measured within eaclt modulation ircriod with respect to 
the center of that period, so that I is limited to the range 
lfl<7’„,/2. Suppose the laser has been detuned so that the 
laser cavity is slightly longer tlmn the on-rc.sonance value. 
Then a small segment or “packet” of laser energy that passes 
llirough the inlracavity modulator at a certain relative time t 
during one modulation cycle will rctuin to the modulator at a 
slightly later relative lime t during the next modulation 
cycle, and will pass Ihrongh lire modtdator at progressively 
later limes on subsequent cycles. The added lime delay 
per pa.ss is i-elatcd to the frequency detuning^,/ by 


Hence, we will plot only in the remainder of lliis paper. 


C. Iniitlicr Aiwlytic Approximatiom 
Further appro.ximalions and simplifications of the zero- 
detuning formulas iii (27)-(30) ate easily made in various 



(33) 


The dashed lines in Pig. 8 show, for example, how a small 
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p'ackct of*noise energy originating at tire zero-gain point / = - /‘c 
will move outward into liiglicr gain regions on successive round- 
trips. This packet of energy will be amplified more strongly 
on each sue '>'ssive pass, until it grows to an intensity sufficient 
to produce sigtiificunt harmonic conversion, which will tend to 
limit its further growth. 

Now, in steady-state operation, the output laser pulse I\ (/) is 
a stationary function~that is, the intensity at any given relative 
time t during a cycle is constant from cycle to cycle. Fig. 8 
shows that the intensity I\{t) at any relative time t during 
the modulation cycle can be traced back to the noise energy 
that originated at relative time a number + 

of roundtrips earlier. To phrase this in another way, the 
evolution of the initial noise packet in Fig. 8 as it walks its 
way across the modulation cycle on successive passes is just 
the intensity profile f(t) of the detuned laser pulse. The 
characteristic sharp leading edge seen in the detuned computer 
results of Fig. 3 represents the rapid “.super-exponential” 
growth from noise of the initial noise packet, This packet 
grows exponentially, with increasing exponent, until it reaches 
the level where harmonic generation stabilizes its amplitude. 
Similarly, the delayed trailing edge in the finite-detuning case 
represents the packet walking past tlve zero-gain point t = -\-tc 
on the trailing edge of the modulation cycle and rapidly dying 
away. 

Based on this explanation, we note tirat the intensity gain of 
a packctinoneroundtiip around the cavity for a packet hitting 
the mode-locking modulator at relative time t during tlio 
modulation cycle will be 

A/, = [4^ - 4a - 45 sin^ (tt/;,, t) - la-i /, (/)] 7, (f). (34) 

But in the stationary ])ulsc intensity picture the change in 
intensity Lf is also the change in f (t) between relative time t 
and relative time t + tj. Hence, we can write this as a differ- 
ential equation in relative time t in the form 

j_ ~ 4g - 4g - 45 sin^ (tt/,',, /) - la^ f (/) 

h la 1 1 (ll hi 

(35) 

since t^ is by definition the change in relative arrival time for 
one roundtiip. This equation can be integrated in part to give 




(4^^ - 4a - 25)(t H- f) 


+ (6/7i/;„)(sin (Infiit) H- sin (2rrf„tc)) 



This equation can then be integrated numerically to find f(t) 
given an Initial noi.se value for f (t) at t The exact initial 
noise value is not at all critical. Fig. 9 shows a detuned laser 
pulse calculated by integrating (36) for a frequency offset 
fii=0 llz and 25 = 0.0233. The close comparison with the 
computer result of Fig. 3 is evident. 



-Tm/2 -Ic -'c Tm/J 

TIME 

Fig. 9. Example of a detuned rundamcntal frequency laser pulse calcu- 
lated using (36), to be compared with computer result in Fig, 3. 
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Fig. 10. Typical variation of laser parameters versus detuning as pre- 
dicted try the simirlified analysis of Section V of the text, for the same 
laser parameters as in other examples in this paper. 


The detuned laser performance can then be foutid, in general, 
by the following iterative procedure. Starting with a specified 
set of laser parameters, an initial estimate for the .saturated 
gain g, and an initial noise estimate for l\{-tc), (36) is inte- 
grated to find /| (f) and hence the pulse energy W\. A new 
value of saturated gain 5 is then found from (5), and used again 
in (36). This process is repeated until it converges to give final 
values of IP| , Ip2> other pidsc parameters. The procedure 
can tlien be repeated fora new detuning or new values of other 
basic laser parameters. 

Fig. 10 illusiralcs the behavior of the major pulse parameters 
versus detuning for a typical case as predicted by this analysis. 
In calculating the results shown in Fig. 10, we used an initial 
noise intensity equal to 10"“' times the peak intensity, 

after verifying that the rc.sults did not change significantly for 
variations as large as 3-5 orders of magnitude in the starting 
noise level. 
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The general detuning behavior shown in Fig. 10 appears to 
be in close qualitative and even quantitative agrcctiient with 
unpublished experimental results (9) . That is, the funda- 
mental pulscwidth Tpi decreases steadily with increasing de- 
tuning because of the sharp edge produced on either the leading 
or trailing edge of the pulse due to the processes described in 
Fig. 8. The fundamental pulse energy also falls off mono- 
tonically, presumably because of the same pulse clipping. At 
the same time, the conversion efficiency actually increases 
slightly, probably because the changed pulse shape means the 
fundamental pulse spends more of its total time at higli in- 
tensities. Tlie peak pulse intensity may also rise slightly. As 
a result, the second-harmonic pulse energy falls off somewhat 
more slowly. Our analysis even gives some indication of a 
slight increase in second-harmonic energy output for very 
small detunings. Similar effects have also been seen experi- 
mentally [9] . However, some caution must be exercised be- 
cause of the difficulty in controlling lightly ail of the possibly 
significant effects (e.g., nonlinear absorption in the SHG 
crystal) that can occur in real lasers. 


D. Noncutoff Uchavior 

For lasers with unsaturated gain go>a + 6, the pulse cut- 
off point Ic bumps into the edge of the modulation period, 
tc = T„,l2, above a certain value of the nonlinearity, call it 
^2 ~Oimy so intensity /i(r) no longer drops to 

zero between “pulses". The fundamental and harmonic pulse 
energies for >fl 2 m ^re given by 

tv, =(4^-4a-25)7;„/2aj 

W 2 = [(4/r - 4a - 25)^ + 26 ^ ] TJla ^ . (A3) 

However, the saturation formula for the gain ^ may be written 
as 


_ go -g 

hsat 


(A4) 


Eliminating It'', between (A3) and (A4) gives the noncutoff 
relationship 


(4g -4a- 25) gr,„ 
(^0 “ S) 


(A5) 


VI. Conclusion 

We believe the analysis and the physical processes described 
in this paper give a good description of the primary effects 
controlling both the zero-detuning performance and the de- 
tuning behavior of the mode-locked and intracavily frequency- 
doubled laser under conditions typical of the CW NdtYAG 
laser. The analyses are simple enough that results .sliould be 
readily obtainable for other sets of laser parameters. In ac- 
cordance with experimental experience, the nonlinearity of 
the SHG is not particularly critical, while the detuning be- 
havior is extremely critical, 

Aitknuix 

Analytic Results eok Zero Detuning 


The noncutoff range of g is a + 5 <g<go or <72 'vhh 

the lower end of this range being given by g = a + 6 and hence 
by 


26(a + 6) T„, 

(So - a - S) IVsa,’ 


(A6) 


This value is tlic boundary between cutoff and noncutoff regions 
marked by the dashed vertical line in Fig. 7. 

If the modulation index 5 is reduced to 0, the laser is always 
in the noncutoff regime for all values of 02 , i.e., it runs CW 
rather than mode locked. The analytical results above are still 
valid, however, and in fact they connect smoothly with the 
analysis developed by Smith (16] for the CW nonmode- 
locked laser with intracavity frequency doubling. 


This appendix presents several useful analytic approximations 
derived from tlic zero-detuning formulas of (27)-(30) in 
various limiting cases. 

A . Large Nonlinearity 

For the limiting case of very large nonlinearity, r/j -^«>, the 
circulating fundamental pulse intensity It'', becomes very small, 
and hence the gain approaches its unsaturated value g = ^'y. 
The pulscwidth then approaches cither the cutoff value 



in the finite cutoff case < a + 5 , or else the value r^, = T,„l2 
in the noncutoff case gg >a + 6; In cither case, the pulse 
energies approach the limiting values 

I'A = l(4gu - 4a - 26) + 26 sine (27r/;„t,.)] /,./«; 

H '2 = [(4go - 4a - 26)^ + 46(4go - 4a - 26) sine (27//;,, r^) ' 

+ 26 ^ (H- sine (47 t/;„ /^))| L/a. . (A2) 

The primary conclusion hero is that It', and W '2 vary asa-j' for 
large 77. , while and asm; approach constant values, as shown 
in Figs. 6 and 7. 


C. Quadratic Pulse Approximation 

Tire most important limiting case in practice is the case in 
which the modulation depth 6 is sufficiently large compared 
to the excess gain g - a to produce a comparatively narrow 
pulse with tg 5 7;„/4. In this limit we may make the approxi- 
mation sin(Trf,„t)^af,„t for lrl</,.,so that the pulse shape 
becomes the quadratic approximation 


/i(0 


2(g - g) - 23(T!f„,y 
02 


It K/c. 


(A7) 


The various pulse parameters arc tiicn given by 
'‘^~rr/;,',6i'/= 

‘ 37 m 2 /;„6'/^ 

128 (g-ayl'^ 

’ 15 7r«2 /;„6'/^ 


(A8) 


A common factor in all of these expressions is (g- a). How- 
ever, this factor is related to the harmonic conversion ratio 
OfsiiG by 
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“SHG ^ (l<5/5)(g - o), (A9) 

licncc, nil of the above quantities can be directly related to 
«SMO as was done in several earlier analyses [5] ~ [7] . 

More basic results can be obtained by using the gain satura- 
tion formula (5) or (A4), One can then pick matching values 
of ll'i and g from (A4); obtain the corresponding value of rzj 
from the middle one of (A8); and obtain all the remaining 
pulse parameters from the remainder of (A7)-(A9). 


I). Small Nonlinearity 

For small nonlinearity -♦ 0, the laser will always be in 
the quadratic pulse limit, assuming a finite modulation depth 
6 > 0 and hence a finite . From (A7) and (A8), the limit 
as 0 requires {g - a) 0 to keep It', finite. Making g^ct 
requires, fiom (A4) 


go - a 

Using tills in the middle equation of (A8) then gives 
3Tr5'/^(go - a:)H's;.t1 


(AlO) 


(ff - 


l6cxT.„ 


02 


■ 1(02 


(All) 


where K depends on the la.ser parameters as shown. Tlie oilier 
pulse parameters are then given by 








-of. 


(A12) 


Figs. 6 and 7 confirm the 0 ^® and of variation of these quan- 
tities at low 02 . ■ 


E. Optimum Pulse Results 

For most applications, optimum laser performance is prob- 
ably considered to bo ma.xinium second-liarmonic output It'';, 
even though this does not quite correspond to the .shortest 
pulscwidth r,, 1 or t,, 2 . Within the quadratic pulse appro.xima 
tion, (AS) a'ul (Ad) can be manipulated to give 


Jil ^ (if ' *^) (g o •• ■ ?) 
Km ~ 57 


(A13) 


Optimm harmonic power output thus occuisat the saturated 
g,iin value 


f(opt)=s(/roa)'/’. (Aid) 

The other pulse parameters for this optimum SllG output are 
lltcn. given, in terms of basic laser parameters only, by 


<7j(opl) 

V(opt) 

T 

hi\ 


16aJ(^,tt)f_-£Lf 

rrS'A 


K^i(opQ . . (gpot)'^^ - a 
2a 

;V;(opt) _ 8[(/?oa)'^^ - of 
IFsai 5a 

«siig(opO~Y ((gott)'^^ - a] . (A15) 

The maximum efficiency with which the frequency-doubled 
laser can convert the available energy from the laser medium 
into harmonic output at the optimum operating point is thus 

= 0.8. • (A16) 

The factor of 0.8 represents exactly the inherent efficiency 
factor for pulsed frequency doubling as defined by Bernecker 
[4] and Kennedy [8] . 

Note that none of these optimized results depend (to this 
degree of approximation) on the modulation frequency ; 
and only the normalized pulscwidth /(./T),, depends on the 
modulation index 6. Examination of (A15) shows that the 
normalized pulscwidth is given to a good first approximation 
by ^^(fr) with a very slow dependence on 

a/ go over the range 0.05 < a/go <0.6. 
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